IN9TH  -  ■  '^^^ 

AFCRC-TN-59-669  ^^5  ^^^^^  p^^  New  York  3,  N.  It 

/^"f^.     ^^    y^     NEW    YORK    UNIVERSITY 

Institute  of  Mathematical  Sciences 


iW= 


^       ^^         ^     Division  of  Electromagnetic  Research 


RESEARCH    REPORT    No.    CX-43 


Upper  Bounds  on  Scattering  Lengths 
for  Static  Potentials 


LARRY  SPRUCH  and  LEONARD  ROSENBERG 


Contract    No.   AF    19(604)4555 
OCTOBER,    1959 


NEW  YORK  UNIVERSm 

Institute  of  Mathematical  Sciences 

DLvi^on  of  Electromagnetic  Research 


Research  Report  No.  CX-U3 


UPPER  BOUNDS  ON  SCATTERINQ  I£NGTHS 
FOR  STATIC  POTENTIALS 

Larry  Spinich  and  Leonard  Rosenberg 


Larry  Spruch 
Leonard  Rosenberg 

Morris  Kline 
Director 


The  research  reported  in  this  paper  has  been  sponsored  by 
the  Geophysics  Research  Directorate  of  the  Air  Force  Cam- 
bridge Research  Center,  Air  Research  and  Development  Command, 
under  Contract  No.  AT  19 (60ij)  14555. 


Reqxiests  for  additional  copies  by  Agencies  of  the  Department  of  Defense, 
thedr  contractors^  and  other  Government  agencies  should  be  directed  to 

*^®'  ARMED  SERVICES  TECHNICAL  INFORMATION  AGENCI 

DOCUMENTS  SERVICE  CENTER 
ARLINGTON  HALL  STATION 
ARLINGTdl  12,    VIRGINIA 

Department  of  Defense  contractors  must  be  established  for  ASTIA  services 

or  have  their   'need-to-know'  certified  by  the  cognizant  military  agency 

of  their  project  or  contract.     All  other  persons  and  organizations  shovild 

apply  to  the: 

U.S.  EEPARTIENT  CF  COMMERCE 
OFFICE  CF  lECHNICAL  SERVICES 
WASHINGTON  25,  D.C, 


- 1  - 


Abstract 


It  is  shown  that  in  the  zero  energy  scattering  of  a  particle 
by  a  center  of  force,  where  no  bound  state  exists,  the  Kohn  variational 
principle  provides  an  upper  bound  on  the  scattering  length.  A  bound 
may  also  be  obtained  from  Hulthen's  method,  although  with  the  same  form 
of  trial  function  the  Kohn  result  will  be  lower  (and  therefore  better) 
than  the  one  obtained  from  the  Hulthen  principle.  The  Rubinow  formu- 
lation need  not  provide  a  boimdj  for  those  calculations  which  have  been 
performed  in  this  form,  the  results  may  be  converted  without  any  further 
calculations  so  that  they  correspond  to  the  Kohn  form,  and  therefore, 
under  the  circumstances  considered,  do  give  a  bound.  Analagous  results 
hold  for  states  of  non-zero  orbital  angular  momentum. 
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I.  INTRODUCTION 
Variational  methods  have  proved  to  be  of  great  value  in  the 
theoretical  analysis  of  the  problem  of  the  scattering  of  a  particle 
by  a  center  of  force.  However,  the  utility  of  variational  techniques 
in  the  more  complicated  problem  of  scattering  by  a  compound  system  is 
considerably  impaired  by  the  fact  that  it  is  more  difficult,  in  the 
many  body  problem,  to  constnict  accurate  trial  functions,  and  a 
variational  calculation,  using  a  poor  trial  function,  will  generally 
lead  to  poor  results.  In  fact,  these  calculations  will  only  be 
meaningful  when  accompanied  by  an  affirmation  of  validity,  using 
some  reliable  criterion.  It  is  our  purpose  to  present  one  such 
rigorous  validity  criterion  for  the  case  of  zero  energy  scattering. 
The  present  discussion  will,  for  the  sake  of  clarity  of  presentation, 
be  confined  to  the  problem  of  scattering  by  a  static  potential j  the 
generalization  to  the  more  interesting  problem  in  which  the  scatterer 
is  a  compound  system  is  given  in  a  paper  which  will  be  referred  to 
in  the  following  as  II. 

The  problem  of  obtaining  rigorous  bounds  on  the  error  made  in  a 

variational  calculation  for  the  scattering  by  e   center  of  force  has 
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been  considered  previously  by  a  number  of  authors  *  ;   perhaps  the 

3 
most  satisfying  solution  is  that  due  to  Kato  .  As  a  special  case  of 

the  Kato  method,  it  has  been  shown  that  if  no  bound  state  exists 

for  the  potential  considered,  then  the  Kohn  variational  principle 

provides  an  upper  bound  on  the  scattering  length.  Since  the  scattering 

length  is  one  of  the  two  parameters  which  completely  characterize 

the  low  energy  scattering  in  the  shape  independent  approximation,  its 
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detemination  is  of  great  importance.     The  proof  involves  an 
application  of  a  theorem  proved  by  Levinson  .     In  Section  II,  an 
alternate  proof,   entirely  independent  of  the  Kato  nethod,  i-rill  be 
presented.     The  advantage  of  this  alternate  proof,   in  addition  to  its 
directness  ard  simplicity,  lies  in  the  fact  that  its  generalization 
to  the  case  of  scattering  by  a  compound  s3''stem  is  straightforward. 
On  the  other  hand,  using  the  Kato  approach,  one  encounters  the 
difficulty  that  a  rigorous  proof  of  the  generalization  of  Levinson 's 
theorem  to  the  many  body  problem  has  not  been  given.     Indeed,   in  the 
case  where  there  are  identical  particles  in  the  system,  the  statem.ent 
of  the  theorem  cannot  be  taken  as  a  direct  e>ctension  of  the  one  given 
by  Levinson,  but  rather  requires  some  modification.     (This  problem 
has  been  considered  by  Swan'  who  presents  a  proof  of  a  theorem 
which  takes  into  accoimt  tlie  modification  required  by  the  Fauli 
principle.     However,   the  basic  equation  studied  by  Swan  is  the  one 
appropriate  to  the  static  approximation  and  the  general  proof  has  not 
been  given.)     Further,  the  generalization  of  the  Kato  formalism 
itself  to  include  the  effects  of  the  Pauli  principle  has  not  been 
madej  there  are  certain  difficulties  here  which  do  not  arise  in  the 
case  of  scattering  by  a  compound  system  with  no  identical  particles 
(though  it  appears  that  there  exist  some  cases,   at  least,  where 
these  difficulties  could  be  circumvented). 

UrxJer  the  circumstances  considered,  namely  zero  energy  scattering 
with  no  bound  states,  it  is  found  tliat  the  Hulthen  variational 
principle  ,   as  well  as  the  Kohn  principle,   gives  on  upper  bound  on 
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the scattering  length.     The  Born  approxaination  also  provides  an  upper 
bound,   since  it  may  be  derived  from  the  Kohn  principle.     While  the 
Rubinow  formulation     need  not  give  a  bound,   for  those  calculations 
that  have  been  performed  in  the  Rubinow  form,   it  is  a  trivial  matter 
to  convert  the  results  to  the  Kohn  form,  thereby  obtaining  a  bound. 
A  numerical  example,  using  a  square  well  potential  with  a  repulsive 
core,   is  presented  in  Section  III  to  illustrate  some  of  these  points. 
Tlie  extension  to  the  case  of  higher  angular  momenta  is  presented  in 
Section  IV, 

II.      THE  STATIC  PROBLEM 
The  zero  energy  scattering  of  a  particle  of  mass  m_  in  a  static 
central  potential,  V(r),   is  described  by  a  function,  Uj(r),  the  true 
partial  wave  of  zero  orbital  angular  momentum,  -vrfiich  satisfies  the 
differential  equation 

cCu^(r)  =   r-lj  +  W(r)l  u^(r)  =0     , 

W(r)  s  -(2m/!i2)  V(r). 

The  subscript  i  will  be  used  to  distinguish  bet-^reen  the  two  standard 
types  of  assumed  boundarj'  conditions: 

u^(0)  =0     ,     i  -  1,2     , 

U- (r)  ->  A  -  r  ,    for  r  ->  oo  , 
u^{t)   ->  1  -  r/A  ,    for  r  ->  oo  . 

Here  A  is  the  scattering  length,  which  is  related  to  the  zero  energy 
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cross  section,  c<(k  =  n),  by 


d(l:  =  0)   =  hTiA^ 


The  connection  between  the  scattering  length  and  the  zero  angular 
raoiKientiun  phase  shift,  "n  ,   at  zero  energy  is 


^.-^  =   (k  cot)^)j^^    . 


We  now  introduce  tw)   trial  functions,  u..,(i  =  1,2),  satisfying  the 

I'd 

bounciaiy  conditions 

u.^(O)  =  0  ,  i  =  1,2 


u^^Cr)  ->    A^  -  r     ,  for  r  ->oo 


, 


u^.(r)  ->     1  -  r/A^     ,       for  r  ->oo       , 

where  A  ,  the  trial  scattering  length,  is  an  arbitrary  constant  which 
may  in  fact  be  chosen  differently  in  u,.  and  u„  ,  It  will  always 
be  assumed  that  Uj^+(r)  is  continuous  and  has  a  continuous  first 
derivative.  With  w.(r)  defined  by 

w^(r)  =  u^^(r)  -  -u^Cr)   ,    i  =  1,2   , 

the  Kato  identity  for  zero  energy  scattering,  taking  the  alternate  forms 
1  =  A^  -  J     u^^  cLu^^  dr  +  J  w^{L  w^  dr     ,  (2.1) 

^'^'•"    '-^'t"    "I  ^2t       2t  ^^  *  I   -^2*^ ''^2  °^     '  ^^'^^ 

may  be  sho\TO  to  hold,     (All  integrals  ;ri.ll  be  understood  to  have  the 


and 
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limits   aero  and  infinity). 

Tlie  above  i-esults  viill  be  rederived  in  Soction  IV  in  a  form 
valid  for  partial  waves  of  arbitrary  angular  monientvun.     If,   in 
Eqs.    (2.1)  and   (2.2),   the  second  order  teiin,    I  w.dow.   dr  ,   is  dropped, 
two  different  forms  of  the  variational  principle  for  the  scattering 
length  are  obtained.     Kato  goes  further^  his  method,  which  is 
applicable  to  non-zero  energies  as  well,   is  concerned  with  obtaining 
bounds  on  tlie   second  order  term,   thereby  providing  bounds  on  A 
(or  k  cot  "Tj     for  k  =j:  O).     lihile  we  will  use  the  Kato  identity  in 
its  zero  energy  form,  Sqs.    (2.1)   and  (2.2),   it  is  noted  that  tlie 
Kato  method  for  obtaining  bounds  on     I  w.i»w.    dr    will  not  be  used 
at  all  in  the  present  paper. 

Rather,   as  will  now  be  shown,   in  the  particular  case  vrhere  the 
potential  cannot  support  a  bound,  state,  x-re  have  the  simple  result  that 

I  w    (C  w     dr  =     -  {2m/h^)  J  w^  H  w^  dr     <    0     ,         (2.3) 

where  H  is  the  reduced  Hamiltonian  of  the  s3'"stem.  (The  case  i  =  2 
will  be  considered  later) . 

Before  proceeding  to  the  proof  we  wish  to  distinguish  between  the 
two  separate  reasons  for  which  the  present  method  is  restricted  to  the 
case  where  no  bound  states  exist.  Firstly,  if  a  bound  state  is  possible 
the  competing  process  of  capture  with  the  emission  of  a  gamma  ray  is 
possible  and  the  effect  of  the  center  of  force  on  the  incident  beam  of 
zero  energy  cannot  be  completely  characterized  by  a  single  real 
scattering  length.  Tliis  is  not  the  essential  point,  however,  since  the 
approximation  of  ignoring  the  radiative  capture  process  is  often  an 
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extremely  good  one,  and  we  have  been  able  to  develop  methods  which,  to 
the  extent  that  this  approxiaation  is  in  fact  valid,  do  provide  rigorous 
upper  bounds  on  the  scattering  length.     (A  report  of  this  work  has  been 
submitted  for  publication.)     However,  Eq.    (2.3)  will  not  be  generally 
valid  in  these  cases  simply  because  w,   might  contain  a  sufficient  amount 
of  the  bound  state  %reive  function  to  make   [  w.^Cw,   dr  positive. 

To  formally  prove  the  inequality,  Eq.   (2.3),   it  is  first  noted 
that  if  no  bound  state  exists,   <C  is  a  negative  definite  operator 
on  the  space  of  quadratically  integrable  functions  (i.e.,   H  is 
positive  definite).     Now  w^(r)  approaches  a  constant  value  for 
large  r  and  is  therefore  not  quadratically  integrable.     If,  however, 
we  define 

w^(r,X)  =  w^(r)  e~  , 

ire  have 

M^(X)   =  w^(r,\)  <Cw^(r,X)  dr  <  0  ,     X  >  0. 

■J 

To  show  that  K,  (O )  is  not  positive,  it  remains  to  show  that  M^(X) 
is  continuous  at  X  =0.  This  is  immediately  verified.  Thus,  we 


Itj_(X)  -  11^(0 )  =  J  w^(r)  je'^^^  -1  £w^( 


have 

(r)  dr 


^2     2,  X  -2Xr  ,   ^. 
+  X  I  \u    (r)  e     dr  -2X 

J 


w, (r)  w,  (r)  e"- "  dr 


Each  of  the  three  terms  may  be  seen  to  be  arbitrarily  small,  in 
absolute  magnitude,  for  X  sufficiently  smallj  explicit  use  is  made  of 
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the  fact  that  |w-(r)|  is  boundled  from  £bove  for  all  _r  ,  and  that 

w^  (r)  ->  0  for  large  r.  The  desired  inequality  has  thus  been 
established. 

VJe  thsrefcre  have  the  result  that  if  no  bound  state  exists, 
the  scattering  length  satisfies  the  relation 


u^^i»  u^^  dr   ,  (2J4) 


with 


u^^(O)  =0    ,  (2.^) 

u-^(r)  ->  A  -  r   ,    for  r  ->oo  . 

The  right  hand  side  of  Eq.  (2.U)  corresponds  to  the  Kohn 
variational  approxiination  to  the  scattering  length  and,  as  we  now 
see,  always  gives  a  value  which  lies  above  the  true  scattering  length 
under  the  specified  condition. 
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While  any  choice  of  the  parameters  in  the  trial  function  vrill 
lead  to  a  bound  on  A,  we  no;^  consider  the  txro  particular  alternative 
prescriptions  which  are  widely  used  in  scattering  problems  for  evaluating 
the  variational  parameters  in  a  trial  function.     Assume  that  the 
trial  function  contains  N  +  1  variational  parameters,   one  of  them 
being  the  trial  scattering  length,  A   .     If  one  applies  to  Eq.    (2.1i) 
the  method  given  by  Kolin,    the  N  +  1  equations  are  taken  to  be 

^t 

|i-=  0     ,  n=  1,   2,    ..-N  ,  (2.6) 


^^n 


where 


and 


"^-h-h 


I^   =         a,,<Cu^^  dr     . 


^■J 


^t**^t 


In  the  method  of  Hultlien  we  have 


I^  =  0  , 


SL,  (2.7) 

^=0,        n=l,  2,  ...N. 

n 

While  in  general  one  cannot  know  which  of  these  two  methods  will  give 
better  results  it  is  interesting  to  note  that  in  the  type  of  problem 
under  consideration,  namely,  zero  energy  scattering  and  no  bound 
state,  the  Xohn  method  is  definitely  superior.  This  follows  from  the 
fact  that  since  Q  is  bounded  from  below,  for  a  given  form  of  the  trial 
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function  the  variationel  parameters  evaluated  acccrding  to  Eqs.  (2.6) 
give  the  smallest  value  for  Q,  which  therefore  provides  the  closest 
approximaticn  to  the  true  scattering  length, Olf  the  variational 
parameters  do  not  appear  linearly  in  the  trial  function,  there  will 
in  general  be  more  th.an  one  solution  to  Sqs.  (2.6).  That  solution 
which  gives  the  smallest  value  for  Q  should  be  adoptedj  it  provides 
the  optimum  set  of  values  for  the  parameters.)  Farther,  if  a  second 
trial  function  is  used  which  is  more  flexible  than  the  first,  in 
such  a  way  that  for  certain  values  of  the  parameters  the  second  form 
reduces  to  the  first,  then  an  improved  result  is  guaranteed  if  the 
Kolin  method  is  usedj  no  such  statement  can  be  made  in  general  for 
the  Hulthen  method. 

We  have  thus  far  been  considering  the  results  which  follow  from 
Eq.  (2.1).  Turning  to  Eq.  (2.2),  we  find  that  an  attempt  to  show,  in 
a  similar  v;ay,  that  I  w_oL  Wp  dr  <  0  fails j  the  proof  that 


J  W2(r)  e"  ^cL  w, 


r^Kr)   e 


dr 


is  continuous  at  X  =  0  does  not  go  through.  The  reason  is  that  the 
asymptotic  form- of  W2(r)  is  {k ^     -   A  )  r,  which  violates  one  of  the 
conditions  under  which  the  continuity  was  established  in  the  first 
case.  Indeed,  the  class  of  functions  to  which  vAr)   belongs  includes 
the  function  Wp(r)  =  r,  for  which  the  integral  I  WpcL  w„  dr  ia 
equal  to  I  r  w(r)dr  ,  which  may  be  positive  even  though  no 
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bound  state  exists.    Of  course,  the  variational  principle  is  still 


valid.  It  may  be  written 


"^  +J  ^2t^  "2 


a"  Ri  A  •^  +  I  u„^  U5,  dr 

^     '   ^^     ^  (2.8) 


•with 

U2,(C)  =0 

(2.9) 

U2^(r)  ->  1  -  r/A^   ,    for  r  ->co 

It  may  be  mentioned  that  if  no  bound  state  exists  and  if  A  is 
positive,  it  is  possible,  on  the  basis  of  an  application  of  the  Kato 
method,  to  say  more  about  Eq.  (2.8),  namely  that  it  provides  a  lower 
bound  on  A~  j  no  bound  need  be  obtained  from  Eq.  (2.8)  if  A  is 
negative.    While  this  additional  result  can  presumably  be  derived 
using  the  present  method  as  well,  it  is  apparently  much  simpler  to 
deduce  it  from  the  Kato  formalism  wliere  direct  use  can  be  made  of 
the  Levinson  theorem. 

Although  Eq.  (2.8)  need  not  provide  a  bound,  it  is  clear  that 
the  results  of  those  calculations  which  have  been  performed  with  this 
variational  principle  can  be  converted  into  a  form  corresponding  to 
the  Kohn  principle  so  that  a  bound  can  be  obtained.  Thus,  if  A  ~ 
and 

\  ']   ^2t'^^2t  "^^ 

liave  been  evaluated,   we  have,   if  ^re  choose  u,.    »  A     Up.      , 


't     \  - 


J 


^It*^  ^t  ^^ 
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and  we  may  write 


A  <  A^-  A^^  I^  .  (2.10) 


If  A  is  positive  and  if  |A  I  |  is  small  compared  to  unity,  this  con- 
version, in  addition  to  providing  a  bound,,  will  also  provide  an  improved 

12 
approximation  to  the  true  scattering  length  .  In  any  case  this  conversion 

does  not  provide  the  best  result  obtainable  from  Eq.  (2.U)  for  a  givsn 

form  of  the  trial  function  since  the  optimum  method  for  determining  the 

parameters  in  the  trial  function,  which  is  given  by  Eqs.  (2.6),  has  not 

been  employed.  We  thus  sacrifice  some  accuracy  in  order  to  be  able  to 

utilize,  with  a  minimum  of  effort,  calculations  which  have  already  been 

performed.  Actually,  as  we  shall  shortly  see,  it  will  often  be  possible 

to  choose  the  best  value  of  one  of  the  parameters,  A  ,  while  readily 

utilizing  other  calculations. 

Since  a  number  of  variational  calculations  have  appeared  in  which 

9  13 
an  inside  wave  function  *   is  employed,  it  is  \iseful  to  reexpress  the 

preceding  results  in  a  form  which  contains  such  a  function  explicitly. 

To  do  this,  we  write  the  function  il.  .  as 

u^^(r)  -  -  A^y(r)  +  A^  -  r  ,  (2.11) 


where 


y(0)  -  1   , 

y(r)  ->  0  ,  for  r  ->  cx)  ,      (2.12) 


with  y(r)  independent  of  A  .  Equation  (2.I4)  now  takes  the  form' 


A 


t 
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A  <  Ag  -  2BA^  -  CA^^      ,  (2.13) 


where 


I' 

([-feV-wCr)  (y-l)2Jdr; 


^3  =  -  I  W(r)  r^dr  , 
B  =  I  W(r)  r(y-l)  dr  ,  (2.1U) 


A^  is  the  Bom  approximation  to  the  scattering  length.  If  A.  is 
determined  variationally,  Eq.(2.13)  becomes 

A  <  Ag  +  B^/C  (2.15) 

Since  C  must  be  negative  (the  right  hand  side  of  T5q.  (2.13)  is  bounded 
from  below),  the  bound  obtained  from  Eq.  (2.15)  is  an  improvement  over  Ag. 
This  is  an  example  of  the  special  property,  mentioned  previously, 
which  the  Kohn  principle  assumes  in  the  case  of  zero  energy'"  scattering 
with  no  bound  state,  namely  that  a  more  flexible  trial  function 
must  lead  to  an  improved  result. 

If  Eq.  (2.8)  is  used,  the  trial  function  may  be  written 

U2^(r)  =  -y(r)  +.  1  -  r/A^ 

Here  y(r)  need  not  be  identical  to  the  y(r)  which  appears  in  Eq.   (2.11) 
but  is  chosen  to  satisfy  the  same  boundary  conditions.     The  analogue 
to  Ecfuation  (2.l5)   is  then 

A"^^;5   "1  (1  +  B)^  +  C       ,  (2.16) 


-  llt- 

where  A_,,  B,  and  C  are  given  by  Eqs.  (2.1U).  This  is  just  the  zero 
energy  fom  of  the  variational  principle  given  by  Rubinow  .  For 
those  calculations  that  have  been  performed  using  the  Rubinow 
principle,  the  results  may  be  reanalysed  by  rearranging  the  known 
quantities  A^,  B,  and  C  according  to  Eq.  (2.1^).  A  consistency 
check  on  the  calculation  may  be  obtained  by  comparing  the  two 
variational  approximations  to  ^j  if  the  trial  functJon  is  an  accurate 
one,  the  two  results  should  differ  by  only  a  second  order  quantity. 
Further,  if  no  bound  state  exists,  Eq.  (2.1 5)  will  provide  a  bound 
on  A  while  Eq.  (2.16)  need  not  do  so  in  general.  An  example  in 
which  this  conversion  provides,  in  addition,  en  improved  approximation 
to  the  true  scattering  length,  for  the  case  of  n  -  D  quartet 
scattering,  is  given  in  II. 

It  should  be  pointed  out  that  we  have  presented  two  methods  for 

converting  the  results  of  calculations  based  on  Eq.  (2.8)  to  those 

corresponding  to  the  Kohn  form,  Eq.  (2.U).  If  the  integrals  A„,  B, 

and  C  are  known,  the  conversion  should  be  made  with  the  aid  of 

Eq.  (2.l5)  rather  than  with  Eo.  (2.10),  since  the  former  employs  a 

variationally  determined  value  for  the  parameter  A  which,  as  we  have 

t 

already  seen,  represents  the  optimum  choice.  Since  the  value  of 
A.  used  in  Eq.  (2.10)  is  determined  by  non-optimum  considerations, 
the  bound  obtained  in  this  case  would  not  be  as  good. 

The  question  naturally  arises  as  to  how  one  would  know  that  no 
bound  state  exists.  For  the  case  of  the  static  potential,  one  can 
attack  this  problem  theoretically;  for  example,  it  is  known   that 
no  bound  state  of  angular  momentum  L  can  exist  if  the  condition 

(2in/li^)  I   |v(r)l  rdr  <  (2L  +  l) 


J 
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is  sr.tisfiod.     Unfortunately,   no   such  general  condition  is  kno-rjn 
for  the  many  body  problem.     It  is  however  perfectly  permissible, 
for  both  the  one  body  and  the  many  body  problem,  to  utilize  the 
experimental  information,  xttiere  available,   that  no  bound  state 
exists . 

III.     ILLUSTRATr/E  EXAMPLE 
As  an  example  we  consider  the  problem  of  zero  energy  neutron-proton 
scattering  in  the  singlet  state,  assuming  a  schematic  potontial  of 
the  form 

V(r)     =     +00  ,  r  <  c     , 

=     -V  ,  c<r<b  +  c, 

o  '  ' 

=     0  ,  b  +  c<r, 

with  b  =  1.9  f     and  c  =  O.U  f   (  f  =  IC"-^  cm)    .     The  form  of  the 

potential  and  the  values  of  b  and  c  are  those  chosen  by  Gom.es,  l-felecka 

17 

and  VJeisskopf.    '     The  potential  strength,  V^ ,    however,   is  not  their 

value  but  is  chosen  to  gi-^^e  the  experimental  singlet  scattering 
length,  A  =  -23.75  f  }  ve  obtain  W^b^  =   (2nAi^)  V^b^  =  2.319.     VJith 
this  potential,  which  does  not  have  a  bound  state,   a  calculation  of 
the  scattering  length  is  performed  using  the  Kohn  variational  principle, 
Sq.   (2.U).     The  trial   function  is  taken  to  be  of  the  form 


u^^(r)  =0  ,  r  <  c 

X. 


a  (r-c)"     ,       c  <  r  <  b  +  c  (3.1) 


=A-r  ,       r>b+c. 
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The  free  variational  parameters  in  the  trial  function  were 
evaluated  according  to  both  the  Kohn  and  Hulthen  methods,  Eqs.  (2.6) 
and  (2.7)  respectively;  the  results  are  presented  in  Table  I.  While 
the  superiority  of  the  Kohn  method  over  that  of  Hulthen  is  barely 
discernible  in  this  simple  one  body  problem,  its  recognition  might  very 
well  provide  a  decided  advantage  in  more  complicated  many  body  problems. 
In  fact,  an  example  in  which  the  superiority  of  the  Kohn  form  is 
significant  is  presented  in  II,  where  previous  variational  calculations 
for  the  n-D  quartet  scattering  problem  are  considered. 

If  we  renormalize  the  trial  function  by  multiplying  through  by 
A    it  may  be  used  to  obtain  results  corresponding  to  the  variational 
principle  given  by  Eq.  (2.8).  Results  appear  in  Table  I.  We  have 

previously  observed  (see  Section  II)  that  the  variational  principle, 
Eq,  (2.8),  need  not  in  general  provide  an  upper  bound  on  the  scattering 
length.  This  is  illustrated  in  the  present  example  where,  vrith  A  " 
set  equal  to  zero,  the  variational  estimate  lies  below  the  true 
scattering  length.  While  not  a  bound,  it  is  actually  better  than 
the  Kohn  and  Hulthen  results  obtained  with  one  free  variational 
parameter.  If  the  scattering  length  is  negative,  it  may  be  expected, 
with  a  sufficiently  accurate  trial  function,  that  Eq.  (2.8)  will  lead 
to  loTTOr  estimates  of  A  than  those  obtained  from  Eq.  (2.U).  Since 
these  estimates  are  not  bounds  on  A,  no  general  statement  can  be 
made  concerning  the  relative  accuracy  of  the  tvjo  variational  principles, 
unlike  the  situation  previously  descidbed  for  positive  scattering 
lengths  (see  Section  II). 
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17.     HIGHER  ANGUX/VR  TC11ENTA. 
The  discussion  in  Sections  II  and  in  was  confined  to  the  case 
of  zero  orbital  angular  momentum.     Similar  results  may  be  obtained  for 
states  of  higher  angular  momenta.     In  particular,   if  no  bound  state 
exists  in  a  state  with  orbital  angular  momentum  qu?:ntum  number  L, 
then  the  Kolin  variational  principle  gives  a  bound  on  the  parameter 
which  characterizes  the  asymptotic  form  of  the  zero  energy  partial 
wave  of  angular  momentum  L,  Uj.(r).     The  proof,   given  below,  is  a 
direct  generalization  of  that  presented  in  Section  II  for  the  case  L  =  0, 

The  differential  equation  satisfied  by  u_(r)  at  zero  energy  is 
i^   .,T^.^       L(L+1)1 


<£u(r)  s  [-^  -  W(r)  -  i^  I  u(r)  =  0  j 


the  boundary  conditions  are  taken  to  be 
u(0)  =  0 


(U.l) 


u(r)  ->-r^*-'-  +  A,  r"y(2L  +  l)  ,   for  r  ->oo 


The  subscript  L  has  been  dropped,  except  on  A^^,  Aj^^,  and  the  phase 
shift,  17,.  The  connection  between  A^^  and  T^^^  is  given  by 

A.   =  -II  X  T  X  ...  X  t2L+i;i      ltam),/K     ^    ), 


^  =  -  1  X  3  X  ...  X  (2L+1)       (tam|y/ic  .^^ 


Note  that  A_  has  the  dimensions  of  a  length  only  for  1=0.  V.'e  now 
introduce  a  trial  function,  u^(r)  ,  which  satisfies  the  boundary 
conditions 
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u^(0)   =  0 

u  (r)  ->■!'       +■'^1,^  r~  /(2L  +  1)     ,     for  r  ->oo  , 


(U.2) 


where  A       is  an  arbitrary  parameter.     The  Kato  identity  for  this 
Lit 

system  will  now  be  derived.     We  define 

K  =         (uiuu.  -uCu)  dr  , 

and  evaluate  it  in  two  ways.     Since     <Jou  =  0,  we  have  immediately 
K  =     I  uiJu.dr       . 

On  the  other  hand,  integration  by  parts  gives 

00 


V  f  t  dU      N 


"  ^Lt  "  ^L 

0 


where  use  has  been  made  of  Eqs.   (U.l)  and  (U.2).     If  these  two 
forms  for  K  are  equated,  and  the  function  w  =  u     -  u  is  introduced, 
the  identity, 


^L  "  ^Lt 


u,  <C  u+<ii'  +     I     wJL  w 


dr 


is  obtained.  With  the  assumed  normalization,  w  has  the  asymptotic 
form 

w  ->  {k^^-  Aj.  )  r"V(2L  +  1)    , 

and  is  therefore  qusdratically  integrable  for  L  >  0,  It  then  follows, 
without  the  necessity  of  performing  any  limiting  processes  for 
L  >  0,  that  since  no  boxind  state  exists,  I  w<C  w  dr  is  negative} 
the  inequality 
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-  J  \^\ 


h  -  ^Lt  "    '    ^-^  ^-  ^^  ^^'^^ 


therefore  holds.  Just  as  in  the  case  for  1=0,  the  validity  of 
this  result  depends  on  the  chosen  asymptotic  form  for  the  wave 
function.  If,  for  example,  wg  replace  Eqs.  (U.l)  by 


u(0)  =  0  , 

u(r)  ->-(2L  +  1)  A^"^  r'^-'-  +r'-^  ,   for  r  ->oo  , 

with  similar  boundary  conditions  on  u. (r)  ,  then  the  difference  function, 
w,  increases  as  r    for  large  r.  It  is  not  true  that  6<*   is  negative 
definite  for  functions  of  this  tyjie,  as  may  be  seen  by  considering 
the  particular  function  w  =  r    ,  for  all  r.  The  variational  principle 


with 

u^(0)  =  0  , 

u^(r)  ->-(2L+l)  Aj^^"-"-  r^-"-  +  r"^  ,  for  r  ->co  , 

is  valid  nevertheless. 
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V.  SUMMRI 
The  results  obtained  apply  to  the  problem  of  the  zero  energy 
scattering  of  a  particle  from  a  center  of  force  where  no  bound  state 
exists.  The  following  properties  may  then  be  attributed  to  various 
fornis  of  the  variational  principle, 

(1)  Upper  bounds  on  the  scattering  length  are  provided  by  the 
Kohn  principle,  the  Hulthen  principle,  and  the  Born  approximation. 

(2)  The  prescription  given  by  Kohn  to  evaluate  the  variational 
parameters  (Eqs.  (2.6))  should  be  used  rather  than  that  of  Hulthen 
(Eqs.  (2.7))  since  in  the  former  case  the  bound  obtained  lies  closer 
to  the  true  scattering  length.  It  has  the  further  advantage,  not 
present  in  the  Hulthen  method,  that  the  use  of  a  more  flexible  trial 
function,  which  reduces  to  the  original  trial  function  for  certain 
Values  of  the  parameters,  guarantees  an  improved  result. 

(3)  ^•/liile  the  Rubinow  formulation  does  not  generally  provide  a 
bound  under  the  circumstances  considered,  the  various  integrals 
v^hich  enter  into  the  variational  expression  for  the  scattering  length 
may  be  rearranged  in  such  a  way  that  a  result  corresponding  to  the 
Kolin  form  is  obtained.  Consequently,  calculations  based  on  the 
Rvibinow  form  which  have  already  been  performed  may  be  used  to  obtain 
a  bound  with  only  a  trivial  amount  of  additional  labor  required, 

(li)  In  the  more  special  case  where  the  scattering  length  is 
positive  and  the  trial  function  is  sufficiently  accurate,  such  that 
third  order  teims  can  be  neglected,  the  conversion  from  the  Rubinow 
to  the  Kohn  fonn,  in  addition  to  providing  an  upper  bound,  may  be 
expected  to  give  an  improved  approximation  to  the  true  scattering  length. 
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The  extension  of  the  present  technique  to  the  case  of  scattering 
by  a  compound  systen  has  been  given  and  successfully  applied  to  the 
problem  of  zero  energy  n  -  D  quartet  scattering.  In  particular,  the 
prescription  given  in  Section  II  for  converting  from  the  Rubinow  to 
the  Kohn  form  of  variational  principle  has  enabled  us,  by  means  of  a 
reanalysis  of  the  data  of  a  previous  calculation,  to  deduce,  in 
addition  to  a  bound,  a  significantly  improved  approximation  to  the  true 
scattering  length. 

The  further  extension  to  the  cases  where  composite  bound  states 
do  exist  has  been  performed.  Applications  to  zero  energy  singlet 
e~H  scattering  and  to  doublet  n-D  scattering  have  been  completed  and 
will  be  reported  on  in  the  very  near  future. 
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TABLE  I.  Variational  results  for  the  neutron-proton  singlet 

-13 
scattering  length  (expressed  in  units  of  10    cin.)  calculated  with 

the  trial  function  given  by  Sq.  (3.1).  A  square  well  potential  ;ri-th 

an  infinitely  repulsive  core  was  assumed,  for  which  the  exact 

-13 
scattering  length,  A,  is  -23, 7^  x  2D         cm.  The  results  in  columns 

I  and  II  were  obtained  from  the  variatioiial  principle  given  by  3q.  (2,li)j 

those  in  column  III  were  obtained,  with  an  appropriately  altered  trial 

function,  from  Eq.  (2.8).  In  agreement  mth  the  discussion  in  the 

text,  these  results,  for  each  row,  satisfy  the  rolations  I  >  II  >  Aj 

III  may  lie  above  or  below  A, 


Free  I  H  HI 

Parameters  Hulthln  Kohn 

one  -19,h6  -19.U9  -25.55 

two  -23.670  -23.671  -23.67 
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